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INTRODUCTION 
Given a finite family of finite sets which has a system of distinct representa- 
tives, how many different systems does it have ? We find a lower bound on 
this number and a case in which the lower bound is exact. 
By family we mean a family of finite sets indexed by a nonempty finite set 
of integers. By normal family we mean a family F = (Fi 1 0 < i < n> so 
indexed that 1 Fi 1 < 1 Fj 1 whenever i < j. 1 S / denotes the cardinality of the 
set S. 
THE PROBLEM 
Let F = (F, 1 i E I} be a family. A system of distinct representatives (abbre- 
viated SDR) of F is an indexed set {xi 1 i ~1) of distinct elements for which 
xi E Fi for each i E I. Philip Hall [2] p roved that the family F has an SDR if, 
and only if, for each integer K, 1 < Iz ,< 1 I 1 , the union of any k of the Fi 
contains at least K elements. We look at the question: How many different 
SDR’s does such a family have ? Without loss of generality we may restrict 
our attention to normal families, since any family may be re-indexed to 
produce a normal family with the SDR’s of the two in obvious one-to-one 
correspondence. 
Let F = {Fi IO < i < n} be a normal family. For brevity we let //F/j 
denote the number of SDR’s of F. Marshall Hall [l] showed that 
IIFII > 0 implies IIFII >fi(lFol -9 
i=O 
where k is the smaller of n and IF, 1 - 1. Rado [3] improved this bound, 
showing that 
IIFII > 0 implies IIFII b fi(lF, I-9, 
i=o 
1 
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for the same K. Note that the Hall and Rado estimates are dominated by the 
size of the smallest member of the family. We remove this defect by proving 
THEOREM. Let F = {Fi j 0 < i < n} be a normal farnib. Then I/F Ij > 0 
implies 
llFll>fimax(l,\Fii-i), 
i=O 
(1) 
with equality holding if Fi is contained in Fj whenever i < j, but not conversely. 
PRELIMINARY REMARKS 
To facilitate the exposition we introduce some additional notation. Let 
F = {Fi 1 i E I} be a family and S a set. There is a permutation 01 of I for which 
i<jimplies IF,(,)--SI<IF,(,,--SI. S-Tdenotes{x~SIx$T}. 
Let F,(S) = F,ci) - S and F(S) = (F,(S) 1 i ~1). The permutation 01 is not 
generally unique, but F and S determine OL up to permutation of sets of equal 
cardinality. Thus, F and S determine (F,(S)/ uniquely. If F is normal, then 
F(S) is also. If F and G are two families which give different indexings to the 
same collection of sets then II F(S)11 = /I G(S)11 for any set S. 
LEMMA 1. Let F = (Fi j 0 < i < n} be a normal family and S a set. Then 
1 F,(S)1 >, / Fi 1 - ( S / for 0 < i < n, and equality holds if each Fi contains S. 
The proof of Lemma 1 by induction on n is easy and we omit it here. 
We say that a subfamily G consisting of K members of the family F is 
critical if the union of the members of G contains exactly K elements. If G 
is a critical subfamily of F and S is the union of the members of G then in 
any SDR of F all elements of S must be used to represent the members of G. 
Consequently, we have 
LEMMA 2. Let G be a critical subfamily of F and H the subfamily compli- 
mentary to G. Let S be the union of the members of G. Then 
II F II = II G II . II fW)II . 
Proof of the Theorem. The example: F, = {0}, FI = {l} shows that equality 
may hold in (1) even though Fi is not contained in Fi for some i < j. We 
complete the proof by induction on n. 
Let F = {Fi 10 < i < n} be a normal family for which (/F 11 > 0. If n = 0 
the result is self-evident. We suppose n > 0 and proceed inductively. We 
consider two cases. 
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Case 1. If the family {Fi 1 1 < i < n} has no critical subfamily. Re- 
index this family as G = {Gi IO < i < 12 - l} where Gi = Fi+, . Let 
x EF,, . The SDR’s of G(x) are in one-to-one correspondence with the 
SDR’S of F in which x represents F,, , the correspondence being induced by 
the permutation relating G(X) to G and the relation Gi = Fi+l . Thus, we have 
IlFIl = & il G(x)ll - 
Cl 
(2) 
The absence of critical subfamilies in G implies that G(X) satisfies Philip 
Hall’s condition, and consequently I( G(x)11 > 0 for each x EF~ . Inductively, 
n-1 
II G(x)ll b n max(1, I G,(x)1 - i). 
i=O 
(3) 
Lemma 1 implies I G,(x)1 > 1 Gi I - 1 and hence 
I Gi(x)l - i 3 IFi+, I - (i + 1). 
Thus (3) implies 
II W)ll 3 fi max(1, I Fi I - i). 
i=l 
(4) 
(2) and (4) imply (1) f or case 1. If Fi is contained in Fj whenever i < j, then 
x E Gi for each x E F, and 0 < i < n - 1, and Gi is contained in G5 whenever 
i <j. Hence equality holds in (3) by the inductive hypothesis and in (4) as a 
consequence of Lemma 1. Then equality holds in (1). 
Case 2. If the family {Fi I 1 < i < n} has a critical subfamily. Choose 
indices 
1 6 j(0) <j(l) < **a < j(t - 1) = m, 
such that G = {Fiti) 1 0 < i < t - I) is critical. Let H be the subfamily ofF 
complimentary to G and S the union of the members of G. By Lemma 2, 
II F II = II G II . il fW)lI . (5) 
We re-index G as the normal family C = {Ci I 0 Q i < t - I>, where 
Ci = Fjtrj . i <j(i) implies ) C, I > ) Fi 1 . F, = C,, . Hence G critical 
implies 1 F, I < t and hence 1 Fi 1 < t for all i < m. Consequently 
n--(1, IFi I - i) = 1 for t < i < m. Inductively, 
t-1 
II G II = II C II 3 n m=(l, I Ci l -i) Z fi max(1, 1 Fi 1 -i). (6) 
i=O i=O 
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We re-index H as the normal family D = {Di 1 0 < i < n - t}, where 
Di = Fi+, for i > m - t. Lemma 1 implies, for i > m - t, 
ID~(~)l3lD~l-I~l=lF,+tI--t, 
and hence 
Inductively then, 
I D,(S)1 - i 3 I Fi+t I - (i + t). (7) 
n-t la-t 
II WS)II = II W)ll > n max(1, / D,(S)\ - i) > n max(1, / Di(S)( -i). 
i==O i=m- t+1 
(7) and (8) imply 
/I H(S)ll > fi max(1, / Fi / - i). 
i=m+l 
(9) 
(5), (6), and (9) imply (1) in Case 2. 
Finally, we note that it is not possible in case 2 that Fi contained in Fj for 
all i < j, for if it were, then the union of the Fi , 0 < i < m would be F, and 
1 F,, 1 < t < m + 1; hence by Philip Hall’s theorem, 11 F I/ would be 0. 
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